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ABSTRACT
String theory counterparts to Einstein’s gravity, cosmology and inflation are
described. A very tight upper bound on the Cosmic Gravitational Radiation
Background (CGRB) of standard inflation is shown to be evaded in string
cosmology, while an interesting signal in the phenomenologically interesting
frequency range is all but excluded. The generic features of such a stringy
CGRB are presented.
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String theory counterparts to Einstein’s gravity, cosmology and inflation are de-
scribed. A very tight upper bound on the Cosmic Gravitational Radiation Back-
ground (CGRB) of standard inflation is shown to be evaded in string cosmology,
while an interesting signal in the phenomenologically interesting frequency range
is all but excluded. The generic features of such a stringy CGRB are presented.
1 Introduction
In this talk I will first explain why string theory offers an interesting alterna-
tive to Einstein’s gravity and cosmology. The standard post-big-bang picture
emerges as just the late-time history of a Universe which, in a prehistoric (pre-
big-bang) era, underwent an inflationary expansion driven by the growth of the
universal coupling of the theory.
I will then turn to describing one of the most interesting physical conse-
quences of this new scenario: the production of a Cosmic Gravitational Radia-
tion Background (CGRB), which could by far exceed, in the relevant frequency
range, the one predicted by ordinary inflationary models.
I will leave the detailed discussion of the near-future prospects for observ-
ability of our CGRB to the following talk by R. Brustein and refer you, for
more details on the scenario and the computations, to the collection of papers
on string cosmology appearing on WWW under:
http:/www.to.infn.it/teorici/gasperini/
The precious collaboration of Maurizio Gasperini throughout the develop-
ment of the pre-big-bang scenario, and the additional one of Ramy Brustein,
Massimo Giovannini and Slava Mukhanov in working out its consequences for
gravitational perturbations, are gratefully acknowledged.
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2 Einstein Gravity and Standard Cosmology
In order to introduce string gravity and a cosmological model based on it, I will
first recall a few known facts about Einstein gravity and standard cosmology
(see for instance 1).
The well-known Einstein equations:
Rµν − 1/2gµνR+ Λgµν = −8πGTµν (1)
follow from setting to zero the variation of the Einstein–Hilbert action (I will
use c = h¯ = 1 throughout):
S = − 1
16πG
∫
d4x
√−g [R− 2Λ] + Smatter . (2)
Einstein cosmology follows from Einstein’s equations upon insertion of a
homogeneous (and, for simplicity, spatially flat) ansatz for the metric:
ds2 ≡ gµνdxµdxν = dt2 − a(t)2dxidxi (3)
and after assuming that also matter is homogeneously distributed. The Einstein–
Friedman equations (of which only two are independent) then follow:
H2 ≡ (a˙/a)2 = 8πG
3
ρ+
Λ
3
H˙ +H2 ≡ (a¨/a) = −4πG
3
(ρ+ 3p) +
Λ
3
ρ˙ = −3H(ρ+ p) (4)
where the matter energy density ρ and pressure p are defined in terms of
Tµν by T
ν
µ = diag (ρ,−p,−p,−p). Notice that the effect of a non-vanishing
cosmological constant Λ is equivalent to that of a special kind of matter, the
“vacuum”, with ρvac = −pvac = Λ8piG . Normal matter has (ρ + 3p) > 0 and
therefore leads to a decelerated expansion of the Universe: in particular, a
matter-dominated Universe (p/ρ ∼ 0) expands like t2/3, while a radiation-
dominated Universe (p/ρ ∼ 1/3) expands like t1/2.
A trivial but important remark for the following discussion: if we regard
(as we should) the first of eqs. (4) as expressing the vanishing of the total
energy of the matter-plus-gravity system, we see that the expansion of the
Universe contributes with a negative kinetic energy to such an equation.
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Inflation, i.e. a long phase of accelerated expansion of the Universe (a˙, a¨ >
0), is badly needed in order to solve the outstanding problems of the standard
cosmological model2. Unlike ordinary matter, a cosmological constant can eas-
ily do the job. The same is true of potential energy originating from a scalar
field (the so-called inflaton) which, during some cosmic epoch, was approxi-
mately frozen away from the minimum of its potential and thus provided an
effective (positive) cosmological constant Λeff = 8πGV . In this case a (quasi)
de Sitter exponential expansion of the Universe takes place:
a(t) ∼ exp(Ht) , H2 = 8π
3
GV = Λeff/3 . (5)
3 The disappointing CGRB of standard inflation
In standard potential-energy-driven inflation, while the inflaton slowly rolls
down to the true minimum of the potential (where, by assumption, the poten-
tial energy is very small), the Hubble parameter H stays constant or decreases
slowly. The Hubble radius H−1 thus remains constant (or increases slowly)
during the inflationary epoch and then starts to grow like cosmic time t during
the radiation- and matter-dominated eras.
In Fig. 1 this behaviour of the Hubble radius is plotted together with the
behaviour of different physical scales which, by definition, grow like the scale
factor a(t) itself. It is easily found that scales cross the “horizon” outward
(exit) during inflation and cross it again inward (re-enter) during the matter-
or radiation-dominated epochs. Larger scales exit earlier and re-enter later
than shorter scales. In order to solve the homogeneity problem of standard
cosmology, it is necessary that the scale corresponding to the present horizon,
O(H−10 ), once upon a time, was inside the horizon. For this to happen a total
red-shift of about
zinfl ≡ aend
abeg
> 1030 (6)
during inflation is needed 2.
One of the celebrated bonuses of inflation 2 is a natural explanation of
the origin of large-scale structure. Let us assume that, initially, there were
no inhomogeneities other than the minimal ones due to quantum mechanics.
In other words, let us ask ourselves whether the origin of a structure in the
Universe can be found in the initial vacuum quantum fluctuations. Vacuum
fluctuations of the metric (defined as usual by gµν = ηµν+hµν) with wavelength
3
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λ have a typical magnitude
δh(λ) ∼ ℓP
λ
, (7)
where ℓP =
√
G is the Planck length whose magnitude controls the size of
quantum gravity effects. We see that the shorter the wavelength the larger the
quantum fluctuation.
It is not hard to show that these original perturbations (inhomogeneities)
are adiabatically damped (i.e. they follow eq. (7) with λ ∼ a) as long as
their physical wavelength stays inside the horizon, while they freeze-out (stay
constant) after going outside. Since larger wavelengths spend a longer time
outside the horizon (Fig.1) they stay frozen for a longer time. In other words
there is a competition between two effects: quantum mechanics favours short
scales while classical freeze-out favours large scales.
Combining the two effects leads to a simple and suggestive formula 2 for
the present magnitude of tensor metric perturbations i.e of gravitational waves
(GW):
ρ−1γ
dρ
d logω
≡ ΩGW (ω)
Ωγ
∼ (ℓPH)2|ex , (8)
where Ωγ =
ργ
ρcr
∼ 10−4 and ΩGW (ω) = ρ−1cr dρGWd log ω and the label ex indicates
that lPH has to be evaluated, for each scale λ, at the time of its exit. This is the
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crucial quantity for the GW yield at any given frequency. As we have explained,
H is constant or slowly decreasing during inflation, hence the same is true of
the GW spectrum as a function of ω. This is the celebrated (quasi) scale-
invariant Harrison–Zeldovich spectrum, which appears to be quite efficient for
generating the observed large-scale structure (if combined with an appropriate
model for dark matter).
Unfortunately, for the purpose of this talk, the above result is bad news, i.e.
represents a disappointing spectrum of GW in the relevant frequency region.
Indeed, COBE’s observation 3 of a ∆TT of order 10
−5 at large angular scales
implies H−1 > 105ℓP when scales of the order of the present Hubble radius
went out of the horizon, and an even smaller value when shorter scales did (see
again Fig.1). Inserting such a limit in eq. (8), we immediately arrive at:
ΩGW (ω) < 10
−14 to 10−15 (9)
in the interesting (Hz to MHz) frequency range. This upper limit makes the
CGRB produced by ordinary inflation an unobservable signal for some time to
come . . .
4 String Gravity
Being a theory of extended objects, string theory contains a fundamental length
scale λs, a built-in ultraviolet (short-distance) cut-off
4. As a result, string
gravity differs from Einstein gravity in a subtle and essential way. Instead of
the action (1.1), string theory gives 5:
Γeff =
1
2
∫
d4x
√−g e−φ [λ−2s (R + ∂µφ∂µφ) + F 2µν + ψ¯D/ψ]
+
[
higher orders in λ2s · ∂2
]
+
[
higher orders in eφ
]
. (10)
As indicated in (10), string gravity has (actually needs!) a new parti-
cle/field, the so-called dilaton φ, a scalar particle. It enters Γeff as a Jordan–
Brans–Dicke 6 scalar with a “small” negative ωBD parameter, ωBD = −1.
Bounds on the present rate of variation of α and G imply that, today, φ˙ < H0,
while precision tests 7 of the equivalence principle put an upper (lower) limit
on the range of the dilaton-exchange force (on the dilaton mass) 8:
mφ > 10
−4 eV . (11)
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Both problems are solved by assuming that a non-perturbative dilaton
potential has to be added to (10). Such a potential will freeze the dilaton to
its present value φ0 and make us recover Einstein’s theory (and its experimental
successes) at late times.
The value φ0 provides
9 today’s unified value of the gauge and gravitational
couplings at energy scales of O(λ−1s ). In formulae:
ℓ2P ≡ 8πGN = eφ0λ2s ,
αGUT (λ
−1
s ) ≃
eφ0
4π
=
ℓ2P
λ2s
, (12)
implying (from αGUT ≈ 1/20) that the string-length parameter λs is about
10−32 cm. Note, however, that the above formulae, in a cosmological context
in which φ evolves in time, can only be taken as giving the present values of
α and ℓP /λs. In the scenario we will advocate, both quantities were much
smaller in the very early Universe!
Equation (10) contains two dimensionless expansion parameters. One of
them, the above-mentioned g2 ≡ eφ, controls the analogue of loop corrections
in quantum field theory (QFT), while the other, λ2 ≡ λ2s · ∂2, controls string-
size effects, which are of course absent from QFT. Obviously, the expansion in
λ2 is reliable at small curvatures (derivatives), i.e. at energies smaller than the
string scale λ−1s , while higher orders in g
2 will be negligible at weak coupling.
The first and main assumption of our scenario is that the Universe started
its evolution in a regime that was perturbative with respect to both expansions,
i.e. in a region of weak coupling and small curvatures (derivatives). During
that phase the string-gravity equations take the simple form:
Rµν +∇µ∇νφ = −λ2s eφTµν
R−∇µφ∇µφ+ 2∇2φ+ 2Λ = 0 , (13)
which are similar to Einstein’s equations, yet substantially different. As already
stressed, we wish to recover general relativity at late times; nonetheless, we
want to take advantage of the difference for the prehistory of the Universe.
Before closing this section I would like to briefly comment on a point
that appears to be the source of much confusion: it is the dilemma between
working in the so-called string frame and working in the more conventional
Einstein frame. The two frames are not to be confused with different coordinate
systems: they are instead related by a local field redefinition, a conformal,
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dilaton-dependent rescaling of the metric, to be precise. All physical quantities
are independent of the frame one is using. The question is: What should we
call the metric? Although, to a large extent, this is a question of taste, one’s
intuition may work better with one definition than with another. Note also
that, since the dilaton is time-independent today, the two frames now coincide.
Let us compare the virtues and problems inherent in each frame.
A) String Frame. This is the metric appearing in the original (σ-model)
action for the string. Classical, weakly coupled strings sweep geodesic
surfaces with respect to this metric 10. Also, the dilaton dependence of
the low-energy effective action takes the simple form indicated in (10)
only in the string frame. The advantage of this frame is that the string
cut-off is fixed and the same is true of the value of the curvature at
which higher orders in the σ-model coupling λ become relevant. The
main disadvantage is that the gravitational action is not so easy to work
with.
B) Einstein Frame. In this frame the pure gravitational action takes the
standard Einstein–Hilbert form. Consequently, this is the most conve-
nient frame for studying the cosmological evolution of metric perturba-
tions. The Planck length is fixed in this frame, while the string length is
dilaton- (hence generally time-) dependent. In the Einstein frame, Γeff
takes the form:
Γeff =
∫
d4x
√−g
16πGN
[
R+ ∂µφ∂
µφ+ e−φF 2µν + ∂µA∂
µA+ eφm2A2
]
+
[
GNe
−φR2 + . . .
]
, (14)
showing that the constancy of G in this frame is only apparent, since
masses are dilaton-dependent (even at tree level). The same is true of the
value of R at which higher order stringy corrections become important.
For the above reasons I will choose to base the discussion (although not always
the calculations) in the string frame.
5 String cosmology
There is an exact (all-order) vacuum solution for (critical) superstring theory.
Unfortunately, it corresponds to a free theory (g = 0 or φ = −∞) in flat,
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ten-dimensional, Minkowski space-time, nothing like the world we are living in
today! Could this instead have been the original state of the Universe? The
very basic postulate of the pre-big-bang scenario 11, 12 is that this is indeed the
case.
Such a postulate is supported by the observation that, in the space of
homogeneous (and, for simplicity, spatially-flat) perturbative solutions to the
field equations, the trivial vacuum is a very special, unstable solution. This
is depicted in Fig. 2a for the simplest case of a ten-dimensional cosmology in
which three spatial dimensions evolve isotropically while six “internal” dimen-
sions are static (it is easy to generalize the discussion to the case of dynamical
internal dimensions, but then the picture becomes multidimensional).
The straight lines in the H, ˙¯φ plane (where ˙¯φ ≡ φ˙ − 3H) represent the
evolution of the scale factor and of the coupling constant as a function of the
cosmic time parameter (arrows along the lines show the direction of the time
evolution). As a consequence of a stringy symmetry, known 11, 13 as Scale
Factor Duality (SFD), there are two branches (two straight lines). Further-
more, each branch is split by the origin in two time-reversal-related parts (time
reversal changes the sign of both H and ˙¯φ).
As mentioned, the origin (the trivial vacuum) is an “unstable” fixed point:
a small perturbation in the direction of positive ˙¯φ makes the system evolve
further and further from the origin, meaning larger and larger coupling and
absolute value of the Hubble parameter. This means an accelerated expansion
(inflation) or an accelerated contraction. It is tempting to assume that those
patches of the original Universe that had the right kind of initial fluctuation
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have grown up to become (by far) the largest fraction of the Universe today.
In order to arrive at a physically interesting scenario, however, we have to
connect somehow the top-right inflationary branch to the bottom-right branch,
since the latter is nothing but the standard FRW cosmology, which has pre-
sumably prevailed for the last few billion years or so. Here the so-called exit
problem of string cosmology arises. At lowest order in λ2 (small curvatures in
string units) the two branches do not talk to each other. The inflationary (also
called +) branch has a singularity in the future (it takes a finite cosmic time
to reach ∞ in our gragh if one starts from anywhere but the origin) while the
FRW (−) branch has a singularity in the past (the usual big-bang singularity).
It is widely believed that QST has a way to avoid the usual singularities of
classical general relativity or at least a way to reinterpret them 14, 15. It thus
looks reasonable to assume that the inflationary branch, instead of leading to
a non-sensical singularity, will evolve into the FRW branch at values of λ2
of order unity. This is schematically shown in Fig. 2b, where we have gone
back from ˙¯φ to φ˙ and we have implicitly taken into account the effects of a
non-vanishing dilaton potential at small φ in order to freeze the dilaton at its
present value. The need for the branch change to occur at large λ2, first argued
for in 16, has recently been proved 17.
There is a rather simple way to parametrize a class of scenarios of the
kind defined above. They contain (roughly) three phases and two parameters,
which can be easily visualized in Fig. 3.
In phase I the Universe evolves at g2, λ2 ≪ 1 and is thus close to the trivial
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vacuum. This phase can be studied using the tree-level low-energy effective
action (10); it is characterized by a long period of dilaton-driven inflation. The
accelerated expansion of the Universe, instead of originating from the potential
energy of an inflaton field, is driven by the growth of the coupling constant
(i.e. by the dilaton’s kinetic energy) with φ˙ = 2g˙/g ∼ H during the whole
phase. Notice that, as for ordinary inflation, the negative value of the kinetic
energy associated with an expanding Universe is crucial.
Phase I supposedly ends when the coupling λ2 reaches values of O(1), so
that higher-derivative terms in the effective action become relevant. Assuming
that this happens while g2 is still small (and thus the potential is still negligi-
ble), the value gs of g at the end of phase I (the beginning of phase II) is an
arbitrary parameter (a modulus of the solution).
During phase II, the stringy version of the big bang, the curvature as well
as φ˙ are assumed to remain fixed at their maximal value, given by the string
scale (i.e. we expect λ ∼ 1). The coupling g will instead continue to grow
from the value gs until, in turn, it reaches values O(1). At that point, thanks
to a non-perturbative effect in g, the string phase will come to an end and the
dilaton will be attracted to the true non-perturbative minimum of its potential;
the standard FRW cosmology can then start, provided the Universe was by
then heated-up and filled with radiation (see below). The second important
parameter of this scenario is the duration of phase II or better the total red-
shift, zs ≡ aend/abeg, which has occurred from the beginning to the end of the
stringy phase.
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6 Perturbations and CGRB in String Cosmology
Starting from Fig. 3 let us draw the analogue of Fig. 1 for string cosmology,
i.e. the behaviour of the horizon and the way different scales cross it. This is
depicted in Fig. 4. Recalling eq. (8) we can easily understand why the bound
(9) is now easily avoided. All we need in order to satisfy COBE’s constraint
is that ℓPH had been small enough at the time when the present horizon’s
scale crossed the Hubble radius during inflation (see hatched region in Fig. 4).
Since the horizon is shrinking during superinflation, this does not prevent ℓPH
from having been much smaller when scales of interest for GW detection (say
above 1 Hz) crossed the horizon.
The final outcome for the GW spectrum 18, 19 is shown schematically in
Fig. 5 (leaving a more detailed description to Ramy Brustein’s talk). For a
given pair gs, zs one identifies a point in the ω,Ωω plane as illustrated explicitly
in the case of gs = 10
−3, zs = 10
6. The resulting point (indicated by a large
dot) represents the end-point (ωs,Ωωs) of the ω
3 spectrum corresponding to
scales having crossed the horizon during the dilatonic era.
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Although the rest of the spectrum is more uncertain, it can be argued19
that it must smoothly join the point (ωs,Ωωs) to the true end-point Ω ≤
10−5, ω ∼ 1011 Hz. The latter corresponds to a few gravitons produced at
the maximal amplified frequency ω1, the last scale to go outside the horizon
during the stringy phase. The full spectrum is also shown in the figure for the
case gs = 10
−3, zs = 10
6, with the wiggly line representing the less well-known
high-frequency part.
If gs < 1, as we have assumed, spectra will always lie below the ΩGW =
10−5, a line representing also a phenomenological bound for a successful nucle-
osynthesis to take place 20. On the other hand, by invoking duality properties
of the GW spectrum 21, it can be argued that the actual spectrum will never
lie below the self-dual spectrum ending at Ω ∼ 10−5, ω ∼ 1011 Hz (the thick
line bordering the shaded region). In conclusion all possible spectra sweep
the angular wedge inside the two above-mentioned lines and a signal close to
the NS bound is all but excluded. The large signal can be attributed to the
fact that, in the pre-big-bang scenario, curvatures close to Planck’s scale are
reached before the end of inflation.
Having left to the next talk the discussion of further details on the GW
spectrum and on the future prospects of detecting them, I will use the remain-
ing time to mention a few more encouraging consequences of the pre-big-bang
scenario. Like the generation of GW, they have something to do with the
well-known phenomenon 22 of amplification of vacuum quantum fluctuations
in cosmological backgrounds.
The first concerns scalar perturbations: Do they remain small enough
during the pre-big-bang not to destroy the quasi-homogeneity of the Universe?
The answer to this question turns out to be yes! This is not a priori evident
since, in commonly used gauges (see e.g. 23) for scalar perturbations of the
metric (e.g. the so-called longitudinal gauge in which the metric remains di-
agonal), such perturbations appear to grow very large during the inflationary
phase and to destroy homogeneity or, at least, to prevent the use of linear
perturbation theory. In ref. 24 it was shown that, by a suitable choice of gauge
(an “off-diagonal” gauge), the growing mode of the perturbation can be tamed.
This can be double-checked by using the so-called gauge-invariant variables of
Bruni and Ellis 25. The bottom line is that scalar perturbations in string cos-
mology behave no worse than tensor perturbations. An interesting question
arises here, in connection with the detectability of scalar perturbations of this
type by using spherical antennas.
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The second point that I wish to mention concerns a rather unique pre-
diction of our scenario: the amplification of EM perturbations. Because of
the scale-invariant coupling of gauge fields in four dimensions, electromag-
netic (EM) perturbations are not amplified in a conformally flat cosmological
background (even if inflationary). In string cosmology, the presence of a time-
dependent dilaton in front of the gauge-field kinetic term allows the amplifi-
cation of EM perturbations. Seeds for generating the galactic magnetic fields
through the so-called cosmic-dynamo mechanism 26 can thus be obtained.
The final outcome can be expressed 27, 28 in terms of the fraction of elec-
tromagnetic energy stored in a unit of logarithmic interval of ω normalized to
the one in the CMB, ργ . One finds:
r(ω) =
ω
ργ
dρB
dω
≃ ω
4
ργ
|c
−
(ω)|2 ≡ ω
4
ργ
(gre/gex)
2 . (15)
where gex (gre) refer to the value of the coupling at exit (re-entry) of the scale
ω under consideration.
In terms of r(ω) the condition for seeding the galactic magnetic field
through ordinary mechanisms of plasma physics is 29
r(ωG) ≥ 10−34 , (16)
where ωG ≃ (1 Mpc)−1 ≃ 10−14 Hz is the galactic scale. Using the known
value of ργ , we thus find, from (15) and (16):
gex < 10
−33 , (17)
i.e. a very tiny coupling at the time of exit of the galactic scale.
The conclusion is that string cosmology stands a unique chance to explain
the origin of the galactic magnetic fields. Indeed, if the seeds of the magnetic
fields are to be attributed to the amplification of vacuum fluctuations, their
present magnitude can be interpreted as prime evidence that the fine structure
constant has evolved to its present value from a tiny one during inflation. The
fact that the needed variation of the coupling constant (∼ 1030) is of the
same order as the variation of the scale factor needed to solve the standard
cosmological problems, can be seen as further evidence for scenarios in which
coupling and scale factor grow roughly at the same rate during inflation.
Finally, I would like to mention a more theoretical bonus following from
the pre-big-bang picture: a possible explanation of standard cosmology’s hot
initial state.
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The question is: Can one arrive at the hot big bang of the SCM starting
from our “cold” initial conditions? The reason why a hot Universe can emerge
at the end of our inflationary epochs (phases I and II) goes back to an idea
of L. Parker 30, according to which amplified quantum fluctuations can give
origin to the CMB itself if Planckian scales are reached.
Rephrasing Parker’s idea in our context amounts to solving the following
bootstrap-like condition: At which moment, if any, will the energy stored in the
perturbations reach the critical density? The total energy density ρqf stored
in the amplified vacuum quantum fluctuations is roughly given by:
ρqf ∼ Neff M
4
s
4π2
(a1/a)
4
, (18)
where Neff is the number of effective (relativistic) species, which get produced
(whose energy density decreases like a−4) and a1 is the scale factor at the
(supposed) moment of branch change. The critical density (in the same units)
is given by:
ρcr = e
−φM2sH
2 . (19)
At the beginning, with eφ ≪ 1, ρqf ≪ ρcr; but, in the (−) branch solution,
ρcr decreases faster than ρqf so that, at some moment, ρqf will become the
dominant source of energy while the dilaton kinetic term will become negligible.
It would be interesting to find out what sort of initial temperatures for the
radiation era will come out of this assumption.
7 Conclusions
• All cosmological inflationary models lead to the prediction of a stochastic
CGRB that should surround us today very much like its electromagnetic
analogue.
• Standard inflationary models must unfortunately satisfy the constraint
ΩGW < 10
−10Ωγ in the interesting frequency range.
• Inflationary models, such as those suggested by string theory, in which
the Hubble parameter grows during inflation and eventually reaches val-
ues O(λ−1s , ℓ
−1
P ), evade the above constraint and (may) naturally lead to
ΩGW ≤ 0.1Ωγ in the interesting frequency range.
• Observation of such a CGRB would open a unique window on the very
early Universe and thus on fundamental physics at the Planck (string)
scale.
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• Last but not least, as emphasized to me by Emilio Picasso, trying to
detect a stochastic CGRB is not just relying on getting a gift from the
sky!
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